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Abstract
The possibility of generating neutrino mass through see-saw mechanism involving U(1) chiral
Peccei-Quinn and scale symmetries breakdown is discussed. We consider a generic scale invariant
model which has three Majorana fermions and a complex scalar singlet, which might be the one
responsible for an invisible axion, and we perform a summation of all leading logarithmic radiative
corrections to the tree level potential. The effective potential so obtained is stable and drives the
scalar field to a nonzero vacuum expectation value according to the Coleman-Weinberg mechanism.
As a result, right-handed neutrinos gain mass at the Peccei-Quinn scale which is suggestive for ex-
plaining very light active neutrinos. We illustrate the whole idea with the addition of the Standard
Model, and also a SU(3)L⊗U(1)X model in which the subgroup SU(2)L⊗U(1)Y is constrained to be
broken as an effect of the effective potential. This last model presents electric charge quantization
as well.
PACS numbers: 11.10.Hi; 11.30.Qc; 14.60.Pq; 14.60.St; 14.80.Mz;
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I. INTRODUCTION
The problem of neutrino’s mass and mixing is now clearly seen as a central issue in
model building in particle physics. This happened thanks to the enormous effort of the
experimentalists during decades, to determine some of the neutrino’s properties. The results
that came out from the experiments point to very small masses, for explaining the oscillation
phenomena, to the active neutrinos (those participating directly in electroweak interactions)
and they have given more concrete reasons for considering some Standard Model (SM)
extensions. We are led to think of associating the eV scale, or less than that, to that
particle masses according to the data obtained from solar and atmospheric experiments [1].
Mere introduction of right-handed components for the neutrinos in order to make them
more similar to all the other known elementary particles as they appear in the SM is not
satisfactory at all. This is because the scale vW ≃ 246 GeV, at which the SM SU(2)L⊗U(1)Y
symmetry breaks down to the electromagnetic factor, is clearly not suitable to be linked to
particles with masses of eV order. It is a mystery why an active neutrino belonging to the
same group structure as the left-handed electron is so light in respect of it. A mechanism
generating small masses to the active neutrinos seems, then, different from what we are
used to think for most of the SM fields. It should contain more structure and should be
associated, in principle, with an energy scale which can be much higher than vW .
It is remarkable for neutrino that the probable nature of being a Majorana particle it
should be related to its very small mass. When new physics at high energy scale is assumed
we have a nonrenormalizable effective operator formed by the Higgs (Φ) and the lepton (L)
SU(2)L doublets as ΦΦLL which is suppressed by a novel energy scale M [2]. This operator
breaks the lepton number and it gives mass to the active neutrinos of order mν ≃ v2W/M
implying M >> vW for mν around eV scale or less than that. A way of realizing this
has become known as see-saw mechanism which assumes the existence of Majorana spinors
and a new physics at the very high energy M [3]. The mechanism was first observed to be
naturally contained in a SO(10) Grand Unified Theory (GUT) which does not preserve lepton
number and it has, besides the SM particle content, right-handed neutrinos completing the
representations. SO(10) could be broken at scale M , generating a low energy effective
theory which is the SM model plus heavy fields with right-handed neutrinos among them.
These right-handed neutrinos couple with the singlet formed by the Higgs and lepton SU(2)L
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doublets. Such mixing between right and left-handed neutrinos belonging to different scales
would then be the explanation for the tiny masses of the active neutrinos. This is the well
known type I see-saw mechanism and it is a general outcome of theories containing heavy
right-handed neutrinos mixing with the active left-handed neutrinos.
An interesting high energy scale that may be connected with the neutrino’s mass is the
one associated with the invisible axion [4], which is the pseudo Goldstone boson resulting
from the spontaneous breakdown of the global anomalous U(1)PQ Peccei-Quinn symmetry
[5, 6]. Such symmetry is admitted to exist for solving the strong CP problem. From
astrophysical and cosmological constraints on the axion, the scale vPQ at which U(1)PQ is
broken is restricted to be in the range 109 GeV ≤ vPQ ≤ 1012 GeV [7]. In the simplest
implementation of the idea, vPQ arises from the vacuum expectation value (VEV) of a
complex scalar field φ, without direct couplings with matter, carrying a charge of U(1)PQ.
Stabilization of the strong CP problem solution through an axion is also needed, because the
whole mechanism is very sensitive to the impact of effective nonrenormalizable operators,
suppressed by the Planck scale, MP l ≃ 1019 GeV, which must arise from quantum gravity.
One way out of this is to postulate gauge discrete ZN symmetries [8] giving some protection
for the global factor U(1)PQ against gravity [9, 10].
If according to some symmetry like, for example, the ZN symmetry, and consequently
the U(1)PQ, the complex scalar field φ may couple with right-handed neutrinos at the tree
level, then their masses would be generated at the scale vPQ and the see-saw mechanism
should occur. In the absence of such tree level masses, higher dimensional operators ought
to generate the leading mass terms combining the scales vPQ, M and MP l [11].
Concerning the breakdown of the U(1)PQ, which is assumed to happen through the usual
way; when a tree level potential V (φ) has a nontrivial minimum at 〈φ〉 ≈ vPQ due to the
presence of a bilinear term like µ2φ†φ whose signal is ad hoc chosen to produce the desired
shape for V (φ). The introduction of the mass square parameter µ2 is the additional cost,
besides the eventual imposition of new symmetries, which in some sense represents what
we call ”trading one problem for another” once the degree of indetermination of the theory
is increased. Then, a more satisfactory way of realizing spontaneous symmetry breakdown
(SSB) is required. In fact, such a way can be realized according to the general Coleman-
Weinberg mechanism (CWM) which puts radiative corrections as the origin of SSB [12].
The CWM is based on the observation that the tree level conformal symmetry of scale
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invariance, which forbids parameters with mass dimension in the Lagrangian, is violated by
quantum corrections and that when some conditions are satisfied SSB happens by means of
an effective potential.
In this work we use the idea of CWM with a summation over all leading-logarithm
contributions in a generic sector of a scale invariant theory containing Majorana fermions
and a scalar complex field. The summation of leading-logarithms results in an improved
calculation of the effective potential because it extracts all available information contained
in the renormalization group equations [13, 14, 15]. And so a more accurate answer for the
question of the mechanism of radiative corrections in the process of SSB can be obtained.
Here the scalar field effective potential will be determined with the conditions which
must be satisfied in order to justify the calculation inside the perturbative regime. We
vary the scalar couplings with the Majorana fermions from small values to the ones near
the perturbative limit in order to know if SSB can happen or not through CWM. As we
will see the answer turns out to be positive for all the set of parameters tested so that,
even for the three heaviest possible right-handed neutrinos, CWM is operative in explaining
mass generation for these particles. As a consequence SSB of U(1)PQ is mandatory and
we have a solution for the strong CP problem together with the generation of very light
active neutrinos by means of see-saw mechanism in an economic way in one model. For the
several values of the right-handed neutrino masses we have a prediction for the heavy scalar
axion-partner. In some cases this particle cannot decay into right-handed neutrino and it
can bring some interest for cosmological studies. We perform the study considering a generic
model, that is the Standard Model plus three Majorana fermions and a complex singlet, and
also a SU(3)L⊗U(1)X model in which electric charge quantization occurs as well.
The work is organized as follows. In Sec. II the generic model is presented and some of
its main points are discussed; Sec. III deals with the calculation of the effective potential
with the summation of leading-logarithmic contributions using a general form of the relevant
beta functions. We also study some possible set of parameters to the effective potential and
the resulting particle masses; Sec. IV is an application to an electroweak SU(3)L⊗U(1)X
model and discussion of results are presented in Sec. V.
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II. THE GENERIC MODEL
We present here a model that can be considered as a sector of some more specific theory,
so that the results we have achieved are general in this sense. The relevant interaction
Lagrangian is
L =
3∑
α,β=1
λ′
αβ
2
[
φ∗(N ′
αR
)cN ′
βR
+ φ(N ′
αL
)cN ′
βL
]
+ λφ(φ
∗φ)2 (1)
Here N ′
α
are the Majorana spinors from where right-handed neutrinos are composed, φ is a
complex scalar field whose imaginary part will be the major part of the axion field and λ′
αβ
is a symmetric matrix which we assume to be real to simplify the analysis.
In principle, we could have an arbitrary number of N ′
α
. Keeping in mind the idea of the
see-saw mechanism we work with the minimal scenario, where for each light active neutrino
there must be a heavy right-handed neutrino. Although, at the present, it is said that the
neutrino oscillation experimental data are still compatible with one active neutrino having
null mass we adopt here the point of view that this is not the case.
There is no reason for the matrix λ′
αβ
to be diagonal. But we can make it diagonal
rotating the N ′
α
and defining a new λ through
λ = UTNλ
′UN (2)
So that Eq. (1) becomes
L =
3∑
α=1
λα
2
[
φ∗(N
αR
)cN
αR
+ φ(N
αL
)cN
αL
]
+ λ(φ∗φ)2 (3)
Although the parameters of this rotation do not appear in this sector anymore they are
transfered to other sectors, like the one of the Yukawa interaction needed for the see-saw
mechanism, in which we are interested. Then, there are interactions among the SM lepton
doublets LLa, the Higgs doublet Φ and the Nα according to the term
LDirac = GNaα(UN )αβLaLΦ˜NβR (4)
where Φ˜ ≡ ǫΦ and we have made the explicit appearance of the matrix UN . After the
condensation of the Higgs field, 〈Φ〉2 = vW /
√
2, SSB of the electroweak symmetries Eq. (4)
yields the Dirac mass matrix
MDaβ = GNaα[UN ]αβ
v
W√
2
(5)
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For our purposes, in the renormalization group equations, it is more convenient to work with
the Lagrangian as in Eq. (3) since the relevant beta functions are also diagonal in this case.
But we have to keep in mind that the effect of the rotation must be carried out in the Dirac
type mass matrix as in Eq. (5).
Finally, we mention that L above has the following global symmetry which we identify
as the U(1)PQ
N ′ → eiδγ5N ′, φ→ e2iδφ (6)
Now we begin the calculation of the effective potential which we are supposing to break this
and the scale symmetry.
III. SUMMATION OF THE LEADING-LOGARITHMS FOR THE EFFECTIVE
POTENTIAL
The basic points for computing the effective potential with summation of leading-
logarithmic at one loop was given in Refs. [13, 14], where the case of the Higgs potential of
the SM and the scalar electrodynamics were carried out in detail. We will follow the same
steps here aiming the model in Eq. (3) which has not yet been considered from the CWM
point of view at the present literature, thus justifying the review of the detailed calculation.
Defining the complex scalar field in Eq. (3) as φ(x) = ϕ(x)ei
a(x)
v /
√
2, with both ϕ(x) and
a(x) real and v the scale where φ is supposed to condense, we have that the tree level scale
invariant potential in Eq. (3) is, then,
V =
λφ
4
ϕ4 (7)
Radiative corrections are such that the effective potential in any order of perturbation theory
is a function like
Veff ≈ π2ϕ4S(y, xα, L)
= π2ϕ4[y +O(y2, x2α, yx2α, L)] (8)
6
where for convenience we have written:
y =
λφ
4π2
; xα =
λα
4π2
, α = 1, 2, 3;
L = ln
(
ϕ2
µ2
)
(9)
The S(y, xα, L) represents an infinite series containing corrections due to the fields Nα and
φ only. Of course, the exact effective potential would have a function S involving all other
coupling constants in the theory. Their contributions start to appear at two loop order and
they came in powers combined with xα and y. We must say that we have made at this point
the assumption that all other coupling constants are subdominant compared to λα and λφ so
that the Veff is well described by Eq. (8). Now, we do what is called the leading-logarithm
approximation which consists in considering S(y, xα, L) ≈ SLL(y, xα, L), with the subseries
SLL(y, xα, L) having terms only in L
n whose sum of aggregate powers of xα and y is equal
to n + 1, with obviously n ≥ 0. Then we write a sum for the leader logarithmic terms as
SLL(y, xα, L) =
∞∑
k,l,m,n=0
Cklmnx
k
1x
l
2x
m
3 y
nLk+l+m+n−1, (C0000 = 0)
= yS0 +
∑
k,l,m
(k+l+m≥1)
xk1x
l
2x
m
3 L
k+l+m−1Sklm (10)
Where the partial sums are defined
S0 =
∞∑
n=1
C000nu
n−1 (11)
Sklm =
∞∑
n=0
Cklmnu
n (12)
with u = yL. The invariance of the effective potential with renormalization scale µ, i. e.
d V LLeff/dµ = 0, leads to the following equation in the leader logarithmic approximation
[
− 2 ∂
∂L
+ βy
∂
∂y
+
3∑
xα=1
βxα
∂
∂xα
− 4γφ
]
SLL(y, xα, L) = 0, (13)
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In the one loop approximation the beta function βx and the anomalous dimension γφ of
the scalar field have the following generic form
βxα =
µ
4π2
d λ2α
d µ
= fxα
∑
β 6=α
xβ (14)
γφ =
µ
2Zφ
dZφ
dµ
= e
3∑
α=1
xα (15)
The coefficients f and e are determined through computation of Feynman diagrams; Zφ is
the wave function renormalization of the scalar field φ. Observe that just for one Majorana
fermion the beta function in Eq. (14) is zero, since there is no β 6= α. This is because in
this case, like in supersymmetry, there is the same number of bosonic and fermionic degrees
of freedom.
We can extract βy from the renormalized one loop effective potential which has the form,
V 1loopeff = π
2ϕ4
[
y +
1
2
(
ay2 + c
3∑
α=1
x2α
)
L
]
, (16)
a and c can be computed directly from the general expression for the one loop corrections
for the potential. Invariance of the effective potential under changing the renormalization
scale, i. e. V 1loopeff (µ) = V
1loop
eff (µ+ δµ), permits to deduce that
βy =
µ
4π2
d λφ
d µ
= ay2 + c
3∑
α=1
x2α + 4yγφ
= ay2 + c
3∑
α=1
x2α + 4ey
3∑
α=1
xα (17)
Now substituting SLL as Eq. (10) in Eq. (13) and using Eqs. (14), (15), (17) we can
obtain relations among the coefficients Cklmn. These relations can be writen as differential
equations for S0 and Sklm which can be solved recursively. Before doing this explicitly we
see that comparing Eqs. (16), (33) and from interchanging symmetry on xα in the series we
have
C0001 = 1; C1000 = C0100 = C0010 = 0
C1100 = C10100 = C0110 = 0; C0002 =
a
2
;
C2000 = C0200 = C0020 =
c
2
(18)
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Now from Eq. (13) each term in powers of xα, y and L must have a null coefficient.
1.) from terms like ynLn−2
2C000n − aC000n−1 = 0; n ≥ 2 (19)
and with C0001 in (18) we find that
C000n =
(a
2
)n−1
, n ≥ 1 (20)
2.) terms like x1y
nLn−1
− 2nC100n + a(n− 1)C100n−1 + 4e(n− 1)C000n = 0, n ≥ 1 (21)
3.) terms like x21y
nLn
− 2(n+ 1)C200n + c(n + 1)C000n+1 + a(n− 1)C200n−1 + 4e(n− 1)C100n = 0, n ≥ 1 (22)
4.) terms like x1x2y
nLn
− 2(n + 1)C110n + a(n− 1)C110n−1 + 2 (4e(n− 1) + f)C100n = 0, n ≥ 1 (23)
The remaining relations involving all other coefficients can be obtained as well. But the
expressions written in Eqs. (20), (21), (22) and (23) are sufficient for the approximation we
are going to work. For example, from the coefficients of terms like xk1y
nLk+n−2 we have
− 2(k − 1)Ck000 + cCk−2001 − 4eCk−1000 = 0, k ≥ 2, n ≥ 1 (24)
and
− 2(k + n− 1)Ck00n + a(n− 1)Ck00n−1 + 4e(n− 1)Ck−100n + c(n+ 1)Ck−200n−1 = 0,
k ≥ 3, n ≥ 1 (25)
The first partial sum, S0, can be obtained easily using the relation given by Eq. (20) in
Eq. (11) which furnishes, defining w = 1− a
2
u
S0 =
1
w
(26)
Multiplying Eq. (21) by un−1 we get the following differential equation
aw
dS100
dw
− 4e(1− w)dS0
dw
= 0 (27)
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whose solution, with the boundary condition S100(u = 0) = S100(w = 1) = C1000 = 0, is
S100 =
2e
a
[
1
w2
− 2
w
+ 1
]
(28)
Multiplying Eq. (22) by un we get the equation
2
[
w(1− w) d
dw
− 1
]
S200 − c
[
(1− w) d
dw
− 1
]
S0 − 4e
[
(1− w) d
dw
+ 1
]
S100 = 0 (29)
whose solution, with the boundary condition S200(w = 1) = C2000 =
c
2
, is
S200 =
1
6a
[
12e2
1
w3
+
(
ca− 28e2) 1
w2
+
(
ca+ 20e2
) 1
w
+ ca− 4e2
]
(30)
Doing just the same with Eq. (23) we have
2
[
w(1− w) d
dw
− 1
]
S110 − 2
[
4e(1− w) d
dw
+ 4e− f
]
S100 = 0 (31)
and the solution, with the boundary condition S110(w = 1) = C1100 = 0, is
S110 =
2
3a
[
6e2
1
w3
+
(
ef − 14e2) 1
w2
+
(
10e2 − 2ef) 1
w
+ ef − 2e2
]
(32)
The partial sums in Eqs. (26), (28), (30) and (32) are sufficient for obtaining SLL till the
quadratic order in xα summing the first leading logarithms. By writing down the expression
truncated up to this order, we observe that from the fact that the beta functions for xα in
Eq. (14) have the same form and the partial sums Sklm are totally symmetric, so that
SLL ≈ yS0 +
∑
α
xαS100 +
∑
α
x2αLS200 +
1
2
∑
α
∑
β 6=α
xαxβLS110 (33)
Expanding Eq. (33) in L until terms of order L4, which is the same as keeping in the
expansion terms proportional at most to y5, we have then
V LLeff = π
2ϕ4[SLL(xα, y, L) +K]
≈ π2ϕ4[y +BL+ CL2 +DL3 + EL4 +K] (34)
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We have added a counter term with the finite coefficient K, to be determined, in order to
make easy the V LLeff fourth-derivative renormalization condition which defines the scalar field
four-point self-interaction (see below); and we called the functions of the coupling constants
B =
a
2
y2 +
c
2
∑
α
x2α (35)
C =
a
4
y
(
ay2 + 2ey
∑
α
xα + c
∑
α
x2α
)
(36)
D =
a
24
y2
(
3a2y2 + 12aey
∑
α
xα + 4(ac+ 2e
2)
∑
α
x2α + 2(ef + 4e
2)
∑
α
∑
β 6=α
xαxβ
)
(37)
E =
a2
48
y3
(
3a2y2 + 18aey
∑
α
xα + (5ac+ 28e
2)
∑
α
x2α + 4(ef + 7e
2)
∑
α
∑
β 6=α
xαxβ
)
(38)
Two renormalization conditions are used to fix the value ofK in Eq. (34) and to determine
y as a function of the xα. They are
d4 V LLeff
d ϕ4
∣∣∣
ϕ=µ
= 24π2y (39)
d V LLeff
d ϕ
∣∣∣
ϕ=µ
= 0 (40)
So that, it is determined
K = −25
6
B − 35
3
C − 20D − 16E (41)
and
y =
11
3
B +
35
3
C + 20D + 16E (42)
Eq. (42) is a polynomial equation of fifth degree. We must assure that among its solutions
there is at least one inside the perturbative range, i. e., satisfying πy < 1, for some of the
possible values of xα. For the interaction Lagrangian we have used here, the values of the
numerical constants, as it can be shown, are: a = 5, c = −1/32, f = 1/8 and e = 1/16.
There are solutions of Eq. (42) for y inside the perturbative range for some choice of λα, as
11
pixα y piy mϕ/〈ϕ〉 mNα/〈ϕ〉
0.001 0.0650 0.204 0.980 0.039
0.010 0.0649 0.204 0.980 0.120
0.100 0.0643 0.202 0.968 0.396
0.500 0.0656 0.206 0.923 0.886
TABLE I: Values for y and the relative masses mϕ/〈ϕ〉 and mNα/〈ϕ〉 for some choices of λ2α/4pi =
pixα.
it can be seen in Table I. Just for simplicity, we have taken all λα being equal. In this case,
we see that there is always a unique real positive solution for y.
Although for the choices of xα here we have πy ≈ 0.2, we see that the results show a
relative strong coupling for the scalar φ self-interaction. The coupling constant λφ seems
do not present a significant dependence on xα. This is unexpected. As we have discussed
at the beginning, maintaining only the simple one loop approximation, heavy fermions were
seen to put a bound on the effective potential stability. Also, we observe from the last line
of Table I that it is possible to have a situation where the mass of the Majorana heavy
fermions are such that they prevent the scalar originated from the real part of φ decay in
these fields. If the other modes of this scalar field are suppressed then such a massive scalar
state could be stable enough to be a kind of dark matter.
Putting the renormalization scale as the scalar field vacuum expectation value, i. e.
µ = 〈ϕ〉, and defining z = ϕ/〈ϕ〉 the final expression for V LLeff is
V LLeff ≈ π2〈ϕ〉4z4
[
B
(
ln z2 − 1
2
)
+ C ln2 z2 +D ln3 z2 + E ln4 z2
]
(43)
In Fig.1 we plot V LLeff/〈ϕ〉4 for the model.
The mass of the scalar field is
mϕ = 2π
√
2(B + C)〈ϕ〉 (44)
We conclude this section saying that the effective potential in Eq. (43) breaks, besides
the supposed scale invariance, also the U(1)PQ symmetry in Eq. (6). The condensation scale
of the scalar field is then constrained by the limits on the axion mass. Taking, for example,
the allowed upper bound permitted which is around 〈ϕ〉 ≈ 1012 GeV we obtain 0.92× 1012
12
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FIG. 1: V LLeff/〈ϕ〉4 for the model when pixα = 0.010 and y = 0.0649. There is no significant change
in the shape for the other values of pixα and y in Table I.
GeV ≤ mϕ ≤ 0.98× 1012 GeV according to Table I. The CWM then provides a dynamical
mechanism to break the Peccei-Quinn symmetry.
IV. AN APPLICATION TO AN ELECTROWEAK SU(3)L⊗U(1)X MODEL
An example of model that have a sector like Eq. (3) is the one presenting a
SU(3)C⊗SU(3)L⊗U(1)X as in Ref. [10], with a slight different discrete gauge symmetry
Z13. The electric charge operator defining the matter content is
Q = T 3 −
√
3T 8 +XI (45)
with T a the SU(3) generators. The multiplets are then:
ΨaL = (νa, la, Ea)
T
L ∼ (1, 3, 0), (46)
a = e, µ, τ , representing the three left-handed leptonic triplets with the respective right-
handed singlets
N ′aR ∼ (1, 1, 0), laR ∼ (1, 1,−1), EaR ∼ (1, 1, 1); (47)
left-handed quarks in the triplets are represented by
QmL = (dm, um, jm)
T
L ∼ (3, 3∗,−1/3), Q3L = (u3, d3, J)TL ∼ (3, 3, 2/3), (48)
13
ΨL φ dαR χ JR ρ Q3L η uαR ER jmR lR QiL N
′
R
0 1 1 2 3 4 5 6 -1 -2 -3 -4 -5 -6
TABLE II: Z13 charges for the multiplets.
m = 1, 2, with the respective right-handed singlets as
uαR ∼ (3, 1, 2/3), dαR ∼ (3, 1,−1/3),
JR ∼ (3, 1, 5/3), jmR ∼ (3, 1,−4/3). (49)
J and jm are exotic quarks. The three triplets and a singlet of scalars needed to produce a
consistent mass spectra are:
η = (η0, η−1 , η
+
2 )
T ∼ (1, 3, 0),
ρ = (ρ+, ρ0, ρ++)T ∼ (1, 3, 1),
χ = (χ−, χ−−, χ0)T ∼ (1, 3,−1)
φ ∼ (1, 1, 0). (50)
This matter content, without the scalar singlet φ, was first proposed in Ref. [16]. A discrete
Z13 symmetry with a local origin is supposed over the Lagrangian. Their charges under this
symmetry factor are shown in Table II
These charges permit to construct a Yukawa potential containing all needed renormal-
izable interactions among fermions and scalars to generate a consistent mass spectra. The
Yukawa terms involving the leptons are
− LlY = Glab(Ψ)aLlbRρ+G
E
ab(Ψ)aLEbRχ
+ GNab(Ψ)aLN
′
bR η +
λ′
αβ
2
φ∗(N ′
αR
)cN ′
βR
+H.c, (51)
with GNab, G
l
ab and G
E
ab arbitrary complex matrices. We see that the last two terms in Eq.
(51) are the same as in Eqs. (3) and (4) which are required for the see-saw mechanism. The
quarks terms can be written in a straightforward manner but, since they are not relevant
for us here, we will omit them.
The renormalizable, Z13 and scale invariant scalar potential is
V331 = λ1(η
†η)2 + λ2(ρ
†ρ)2 + λ3(χ
†χ)2 + η†η
[
λ4ρ
†ρ+ λ5χ
†χ
]
+ λ6
(
ρ†ρ
) (
χ†χ
)
+ λ7
(
ρ†η
) (
η†ρ
)
+ λ8
(
χ†η
) (
η†χ
)
+ λ9
(
ρ†χ
) (
χ†ρ
)
+ λ10
[
ǫijkφηiρjχk +H. c.
]
+ φ∗φ
[
λφηη
†η + λφρρ
†ρ+ λφχχ
†χ
]
+ λφ(φ
∗φ)2 (52)
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One can see that Eqs. (51) and (52) automatically contain a kind of global U(1)PQ
symmetry for solving the strong CP problem. The transformations are
νL → eiδνL, N ′aR → e−iδNaR, l → eiδγ5 l,
ua → e−iδγ5ua, da → eiδγ5da, jm → eiδγ5jm,
Ea → e−iδγ5Ea, J → e−iδγ5J, (53)
The scalars with nontrivial U(1)PQ transform as
η0 → e2iδη0, η+2 → e2iδη+2 , ρ0 → e−2iδρ0,
χ− → e2iδχ−, χ0 → e2iδχ0, φ→ e−2iδφ. (54)
As we see, the scalar singlet φ is charged under this U(1)PQ. Also, the last term in Eq. (51)
does not conserve the lepton number. Even if a lepton number was assigned to φ in order to
make that term invariant, the explicit break would be transferred to the φηρχ interaction
in Eq. (52).
The model then has a sector like that in Eq. (1) and assuming that the condensation of
φ must occur in the appropriated scale inside the window permitted for the invisible axion,
it is well justified, at first sight, the fact that φ and the NaR form a sector decoupled from
the rest of the fields. Even though there are the couplings φ†φη†η, φ†φρ†ρ, φ†φχ†χ and φηρχ
their respective coupling constants λφη, λφρ, λφχ, λ10, are suppressed by factors of the VEV’s
〈η〉, 〈ρ〉 and 〈χ〉 divided by 〈φ〉 as we are going to see in the following.
Assuming, then, that the scales of the scalar triplets responsible for the break of SU(3)L⊗
U(1)N down to the electromagnetic factor are in the TeV-GeV range, which is the interval
expected for arising some new physics, the separation of the scales permits the calculation of
the effective potential for φ independently of the condensation remaining scalars. Therefore,
the potential below 〈φ〉 is
V331 ≃ VH(η, ρ, χ) + λ10√
2
[
ǫijkϕei
a(x)
〈φ〉 ηiρjχk +H. c.
]
+
1
2
ϕ2
[
λφηη
†η + λφρρ
†ρ+ λφχχ
†χ
]
+ V LLeff (ϕ) (55)
with VH(η, ρ, χ) collecting all hermitian terms involving only the triplets and V
LL
eff (ϕ) like
Eq. (43). Observe that the bilinears bringing the quadratic mass terms to the triplets have
their origin in the interaction with ϕ through its condensation. Allowing now the SSB in the
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usual way by giving VEV to the remaining neutral scalars also, by means of the potential
minimization condition
d V LL
eff
d ξ
∣∣∣
{ξ=〈ξ〉}
= 0, ξ = η0, ρ0, χ0, ϕ, the four constraint equations
obtained are
[
2λ1v
2
η + λ4v
2
ρ + λ5v
2
χ + λφηv
2
φ
]
vη + λ10vρvχvφ = 0 ,[
2λ2v
2
ρ + λ4v
2
η + λ6v
2
χ + λφρv
2
φ
]
vρ + λ10vηvχvφ = 0 ,[
2λ3v
2
χ + λ5v
2
η + λ6v
2
ρ + λφχv
2
φ
]
vχ + λ10vηvρvφ = 0 ,[
λφηv
2
η + λφρv
2
ρ + λφχv
2
χ
]
vφ + λ10vηvρvχ = 0 , (56)
where we have taken, 〈ϕ〉 = vφ, 〈χ0〉 = 1√
2
vχ, 〈η0〉 = 1√
2
vη and 〈ρ0〉 = 1√
2
vρ. These
constrains are the same obtained recently in Ref. [17] in a model with the same scalar sector
without using the improved approximation. The fact that Eqs. (56) do not contain any
term due to V LLeff (ϕ) is because this last one is already at the minimum in the 〈ϕ〉 direction
in the field space. Thus, the conclusions over the VEV’s are the same as in [17]. Once vφ
is different from zero according to CWM, the constraint equations above can be satisfied
only by two possible configurations. The first one is the trivial one, vχ = vη = vρ = 0,
excluded phenomenologically. The second one is when all the VEV’s are non-zero and this
is a full consistent solution. This means that in this scheme the VEV 〈χ0〉 cannot break
SU(3)L ⊗ U(1)N leaving behind SU(2)L ⊗U(1)Y intact.
The couplings of φ with the other scalars are then determined from Eqs. (56). They are
λφη =
1
v2ηv
2
φ
[−λ1v4η + λ2v4ρ + λ3v4χ + λ6v2ρv2χ] ,
λφρ =
1
v2ρv
2
φ
[
λ1v
4
η − λ2v4ρ + λ3v4χ + λ5v2ηv2χ
]
,
λφχ =
1
v2χv
2
φ
[
λ1v
4
η + λ2v
4
ρ − λ3v4χ + λ4v2ηv2ρ
]
,
λ10 = − 1
vηvρvχvφ
[
v2η(λ1v
2
η + λ4v
2
ρ) + v
2
ρ(λ2v
2
ρ + λ6v
2
χ) + v
2
χ(λ3v
2
χ + λ5v
2
η)
]
(57)
As we have anticipated, these coupling constants are suppressed by factors of the triplet
scale divided by vφ. Thus, the couplings of φ can be safely ignored in the calculation of
V LLeff (ϕ) for this model and the results in Sec. III can be well applied.
The see-saw mechanism occurs in the standard way. After the neutral components in the
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triplets get VEV the mass terms for the neutrinos are
Lmassν = GNαβ
vη√
2
ν
αL
N ′
βR
+
λ′
αβ
2
vφ√
2
(N ′
αR
)cN ′
βR
+H.c.
=
GN
αβ
2
vη√
2
[ν
αL
N ′
βR
+ (N ′
βR
)c(ν
αL
)c] +
λ′
αβ
2
vφ√
2
(N ′
αR
)cN ′
βR
+H.c.
=
1
2
(
ν
L
(N
R
)c
) 0 MD
MTD MM
 (νL)c
N
R
+H.c. (58)
where ν
L
≡ (ν
eL
ν
µL
ν
τL
)T and N
L
≡ (N
eL
N
µL
N
τL
)T ; and the Dirac and Majorana mass
matrices are defined as
[MD]αβ = GNασ[UN ]σβ
vη√
2
(59)
[MM ]αβ = [UTNλ′UN ]αβ
vφ√
2
(60)
Just for an estimate, supposingMD andMM being diagonal, with entries of the same order,
then the active neutrinos would have mass
mν
αL
≃ GNασ[UN ]σα
v2η√
2vφ
(61)
If vφ ≈ 1012 GeV and vη ≈ 102 GeV then we could have GNασ[UN ]σα ≈ 10−2 to furnish
mν
αL
≃ 0.1 eV, and so it seems that no extreme fine tuning over the GNασ is required to
produce small masses.
V. FINAL DISCUSSION
We have seen that the generic interaction sector composed by a scalar field coupled with
Majorana fermions, both singlets of the electroweak group, with the tree level potential V =
λ(φ†φ)2 generates an effective potential breaking scale invariance and the UPQ symmetry.
The calculation was performed at one loop with the summation of all leading-logarithms
and we have obtained a stable effective potential inside the pertubative domain. Although
a more satisfactory answer concerning the stability of the potential would be obtained only
considering a calculation beyond one loop approximation also taking the subsequent-to-
leading logarithmic corrections, we believe that the result will be maintained when higher
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order corrections were taken into account. This has been shown to be true for the case of
the Higgs doublet in the SM [15]. But, of course, a complete calculation must be done in
order to settle the question in the model treated here. It will be done elsewhere.
In the numerical example we took, we have seen that there is a region in the space
parameter where the massive scalar composed mainly by the real part of φ cannot decay in
two Majorana fermions. So, it could be that such a scalar has some relevance as some sort
of dark matter.
A specific model based on SU(3)L⊗U(1)X symmetry implemented with a supposed gauge
discrete symmetry, to stabilize the invisible axion solution to the strong CP problem, realizes
the whole idea. The complex scalar singlet in this model was shown to have very suppressed
couplings with all other scalars as we see in Eq. (57). This is due to the large VEV vφ and the
initial scale invariance so that only the singlet Majorana fermions have leader contribution
for the effective potential. Furthermore, the CP odd mass spectra of the scalars has the
axion and one massive state which could be expected to belong to the scale vφ. However,
because Eq. (57) this massive scalar in fact belongs to the vχ scale. The only fields with
mass proportional to vφ are the CP even scalar composed mainly by the real part of φ and
the singlet Majorana fermions.
Finally, we call the attention that besides realizing the see-saw mechanism as a result of
the dynamical condensation in the sector that we have discussed, the model in Sec. IV shows
electric charge quantization as a result of the classical constraints in the Yukawa Lagrangian
and the quantum anomalies cancellation conditions [18], [19]. In other words, it is possible
to fix the normalization, qX , of the factor U(1)X when we leave all the respective X charges
of the multiplets in Eqs. (46), (47), (48), (49) and (50). Writing the electric charge operator
now as
Q = T 3 −
√
3T 8 + qXXI (62)
and using the fact that it annihilates the vacuum,
Q〈ξ〉 = 0 (63)
with ξ = η, ρ, χ, φ, we get that the scalar multiplets must be such that
qX =
1
Xρ
, Xη = Xφ = 0, Xρ = −Xχ. (64)
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With the quarks the Yukawa Lagrangian is
−LqY = QiL(FiαuαRρ∗ + F˜iαdαRη∗) +Q3L(GαuαRη + G˜αdαRρ)
+ λ
J
Q3LJ1Rχ+ λ
j
imQiLjmRχ
∗ +H.c., (65)
with Fiα, F˜iα, Gα, G˜α, λ
J
and λjim arbitrary matrices. The above interactions in addition
with those in Eq. (51) and the relations in (64) determine all the U(1)X charges in function
of two of them, say Xρ and XQ. Now to cancel the [SU(3)L]
2U(1)X anomaly we get the
missing relation XQ = −13Xρ establishing, thus, electric charge quantization.
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